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Abstract. In this paper we investigate the distribution of the set of values of a linear map at integer 
points on a quadratic surface. In particular, it is shown that subject to certain algebraic conditions, 
this set is equidistributed. This can be thought of as a quantitative version of the main result from 
ISarlll . The methods used are based on those developed by A. Eskin, S. Mozcs and G. Margulis in 



1. Introduction. 

Consider the following situation. Let X be a rational surface in K'', i? be a fixed region in R'* and 
F : X ^ R" he a polynomial map. An interesting problem is to investigate the size of the set 

z = {x e xriZ"^ : F{x) e R} , 

consisting of integer points in X such that the corresponding values of F, arc in R. Suppose that the 
set of values of F at the integer points of X, is dense in R*. In this case, the set Z will be infinite. 
However, the set 

Zt ^ {x e xnz'^ : F{x) e R, \\x\\ < T} , 



' can be considered. This set will be finite, and its size will depend on T. Typically, the density 



assumption indicates that the set Z might be equidistributed, within the set of all integer points in 
X. Namely, as T increases, the size of the set Zt, should be proportional to the appropriately defined 
volume, of the set 

O' {x e X : F{x) e R,\\x\\<T}, 

I consisting of real points on X, with values in R and bounded norm. Such a result, if it is obtained, 

can be seen as quantifying the denseness of the values of F at integral points. 

The situation described above is too general, but it serves as motivation for what is to come. So far, 
what is proven, is limited to special cases. For instance, when M : R'^ ^ is a linear map, classical 
methods can be used to establish necessary and sufficient conditions, which ensure the values of M on 
are dense in R^. The equidistribution problem described above can also be considered in this case. 
It is straightforward to obtain an asymptotic estimate for the number of integer points with bounded 
norm whose values lie in some compact region of R" (cf. [Cas72| ). 

When Q : R'' — R is a quadratic form the situation is that of the Oppenheim conjecture. In |Mar89| . 
G. Margulis obtained necessary and sufficient conditions to ensure that the values of Q on Z"^ are dense 
in R. Considerable work has gone into the equidistribution problem in this case, first by S.G. Dani 
and G. Margulis, who obtained an asymptotic lower bound for the number of integers with bounded 
height such that their images lie in a fixed interval (cf. |DM93| ). Later, A. Eskin, G. Margulis and 
S. Mozes, gave the corresponding asymptotic upper bound for the same problem (cf. [EMM98] ). The 
major ingredient, used in the proof of Oppenheim conjecture, is to relate the density of the values 
of a quadratic form at integers to the density of certain orbits inside a homogeneous space. This 
connection was first noted by M. S. Raghunathan in the late 70's (appearing in print in [DanSlj . for 
instance). It is, in this way, using tools from dynamical systems to study the orbit closures of subgroups 
corresponding to quadratic forms, that Margulis proved the Oppenheim conjecture. Similarly, the later 
refinement, due to Dani- Margulis, who considered the values of quadratic forms at primitive integral 
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points in |DM90| and work on the cquidistribution (quantitative) problem by Dani-Margulis and Eskin- 
Margulis-Mozes, were also obtained by studying the orbit closures of subgroups acting on homogeneous 
spaces. 

Similar techniques were also used by A. Gorodnik in [Gor04| . to study the set of values of a pair, 
consisting of a quadratic and linear form, at integer points and in [Sarll| to establish conditions, 
sufficient to ensure that the values of a linear map at integers lying on a quadratic surface are dense 
in the range of the map. The main result of this paper deals with the corresponding cquidistribution 
problem and is stated in the following Theorem. 

Theorem 1.1. Suppose Q is a quadratic form on R"^ such that Q is non- degenerate, indefinite with 
rational coefficients. Let M ~ (Li, . . . , Lg) : R'' — > R'' he a linear map such that: 

(1) The following relations hold, d > 2s and ronA; (Qlkcr(J\/)) ~ d — s. 

(2) The quadratic form Q|kcr(A/) signature (ri,r2) where ri > 3 and r2 > 1. 

(3) For all a G \ {0}, aiLi + ■ • ■ + a^Ls is non rational. 

Let a G Q 6e such that the set |w G Z"* : Q (u) = a} is non empty. Then there exists Cq > such that 
for every 9 > and all compact i? C with piecewise smooth boundary, there exists a Tq > such 
that for all T > Tq, 

{l~e)CoVol{R)T'^'"~^ < |{w e Z'' ■.Q{v)=a,M{v) G < T}| < {I + 9) CoVol{R)T'^-'-^ , 

where Vol{R) is the s dimensional Lehesgue measure of R. 

Remark 1.2. The constant Co appearing in Theorem II. II is such that 

Co Vol (i?) T'^-''-^ ^ Vol {{v G R'' : Q (w) = a, M (v) G R, \\v\\ < T}) 

where the volume on the right is the Haar measure on the surface defined by Q (v) = a. 

Remark 1.3. Theorem 11.11 should hold with the condition that rank ((5|i;or(A/)) = d — s replaced by 
the condition that rank (Q|kcr(A/)) > 3. Dealing with the more general situation requires taking into 
account the nontrivial unipotent part of Stabgo^g) (Af ), as such lower bounds could probably be proved 
using methods of [1)^/93], but so far no way has been found to obtain the statement that would be 
needed in order to obtain an upper bound. 

Remark 1.4. As in |EMM98] it would be possible to obtain a version of Thcorem I 1 . 1 1 where the condition 
that \\v\\ < T was replaced by w G TKq where Kq is an arbitrary deformation of the unit ball by a 
continuous and positive function. It should also be possible to obtain a version of Theorem 11.11 where 
the parameters Tq and Co remain valid for any pair (Q, Af ) coming from compact subsets of pairs 
satisfying the conditions of the Theorem. 

Remark 1.5. The cases when the quadratic form Q|kcr(A/) h^-s signature (2, 2) or (2, 1) can be considered 
exceptional. There are asymptotically more integers than expected (by a factor of logT) lying on 
certain surfaces defined by quadratic forms of signature (2, 2) or (2, 1). This leads to counterexamples 
of Theorem 1 1.1 1 in the cases when the quadratic form Q|ker(M) has signature (2, 2) or (2, 1). Details of 
these examples are found in Section [5) 

Outline of the paper. Recall that in the proof of the quantitative Oppenheim conjecture (cf. 
|EMM98] ) one needs to consider an unbounded function on the space of lattices. Similarly, in or- 
der to prove Theorem 11.11 one needs to consider an unbounded function _F on a certain homogeneous 
space. The strategy is to try and apply an ergodic theorem to F in order to show that the average of 
the values of F evaluated along a certain orbit converges to the average of F on the entire space. This 
is the fact that corresponds to the fact that integral points on the quadratic surface with values in R 
are equidistributed. The main problem in doing this is that F is unbounded and so in order to prove 
such an ergodic theorem one needs precise information about the behaviour of the orbits near the cusp. 
This information is obtained in Section [H] The required ergodic theorem is then proved in Section [H 
Finally in Section [S] the proof of Theorem 11.11 is completed using an approximation argument similar 
to that found in |EMM98j . Specifically, the averages of F over the space are related to the quantity 
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Co Vol (i?) T'^^'*^^ and the averages of F along an orbit are related to the number of integer points 
with bounded height, lying on the surface and with values in R. In Section [2] the basic notation is set 
up and the main results from Section [3] and Section 0] are stated. 

Acknowledgements. The author would like to thank Alex Gorodnik for many helpful discussions 
and remarks about earlier versions of this paper. 

2. Set up. 

2.1. Main results. For the rest of the paper the following convention is in place: s, d and p will be 
fixed natural numbers such that 2s < c? and < p < d. Also, ri and r2 will be varying, natural 
numbers such that d — s = ri + r2. Let £ denote the space of linear forms on R"^ and let Cun denote 
the subset of such that for all M £ Cun condition [3] of Theorem II. II is satisfied. A quadratic form 
on R'* is said to be defined over Q, if it has rational coefficients or is a scalar multiple of a form with 
rational coefficients. For a, a rational number let Q (p, a) denote quadratic forms on defined over 
Q with signature (p, d~ p) such that the set {u e Z'' : Q [v) — a] is non empty for all Q e Q (p, a). 
Define 

Cpairs (a, fi, f2) = {(Q, M) : Q e Q{p,a) , M e Cun and Q|kcr(M) has signature (ri, r2)} . 

Note that for ri > 3 and r'2 > 1 the set Cpairs (a,''i,''2) consists of pairs satisfying the conditions 
of Theorem 11.11 Although the set Cpairs (a, ''i,f2) and hence its subsets and sets derived from them 
depend on a, this dependence is not a crucial one, so from now on, most of the time this dependence 
will be omitted from the notation. For M € and i? C R^ a connected region with smooth boundary 
let Vm (i?) = {i^ e R'' : M (v) e R} . For Q e Q {p, d - p), a e Q and K = R or Z let (K) = 
{vGK'^ -.Q (v) = a} . Denote the annular region inside R'' by A (Ti, Tz) ^ {v e R'^ : Ti < \\v\\ < Ta} . 
Using this notation, we state the following (equivalent) version of Theorem ll.il which will be proved 
in Sectional 

Theorem 2.1. Suppose that ri > 3, r2 > 1 o,nd a G Q. Then for all [Q,M) G Cpairs io-,ri,r2) there 
exists Co > such that for every 9 > and all compact i? C R" with piecewise smooth boundary, there 
exists a Tq > such that for all T > Tq, 

{l-e)CoVol{R)T'^-'-^ < |A§(Z)n VA/(i?)n A(0,T)| < {1-0)CoVoI{R)T'^-'-^. 

Remark 2.2. As remarked previously, the cases when ri = 2 and r2 = 2 or ri = 2 and r2 ~ 1 are 
interesting. In dimensions 3 and 4 there can be more integer points than expected lying on some 
surfaces defined by quadratic forms of signature (2, 2) or (2, 1), this means that the statement of 
Theorem 12.11 fails for certain pairs. In Section El these counterexamples are explicitly constructed. 
Moreover, it is shown that this set of pairs is big in the sense that it is of second category. We note 
that as in |EMM98] one could also show that this set has measure zero and one could prove the 
expected asymptotic formula as in Theorem 12. II for almost all pairs. 

Even though Theorem 12.11 fails when ri = 2 and 7*2 = 2 or ri = 2 and 7'2 = 1 , we do have the 
following uniform upper bound, which will be proved in Section [5] and is analogous to Theorem 2.3 
from |EMM98| . 

Theorem 2.3. Suppose ri > 3, r2 > 1 and a G Q. Let R d W be a compact region with piecewise 
smooth boundary. Then, for all {Q,M) G Cpaj^s (a, ''2); there exists a constant C depending only 
on (Q, M) and R such that for all T > 1, 

|A§(Z)n Va/ {K)r\A{Q,T)\ < CT'^-"-^. 

For all {Q,M) G Cpairs (a, 2, 2) there exists a constant C depending only on (Q,M) and R such that 
for all T >2, 

(2.1) \X^{Z)nVM{R)r\A{0,T)\ < C{\ogT)T'^-'-^. 

If s = \, then for all {Q,M) G Cpairs io,,2,l) there exists a constant C depending only on {Q,M) 
and R such that for all T > 2 (|2.ip holds. If s = 2, then for all {Q,M) G Cpairs (a, 2, 1) such that 
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kcr (M) n = there exists a constant C depending only on {Q, AI) and R such that for all T > 2 
dm]) holds. 

Remark 2.4. The extra condition, ker (M)nZ^ = 0, appearing in the case when (Q, M) E Cpairs (a, 2, 1) 
and s = 2 is probably not necessary but is needed to deal with limitations arising in the proof of 
Theorem ED for this case. 



2.2. A canonical form. For Vi,V2 £ K'^ we will use the notation (wi, W2) to denote the standard inner 
product in R'^. For a set of vectors vi, . . . ,Vi S R'* we will also use the notation {vi, . . . , Vi) to denote 
the span of ui, . . . , in R'', although this could lead to some ambiguity, the meaning of the notation 
should be clear from the context. 

For some computations it will be convenient to know that our system is conjugate to a canonical 
form. Let ei, . . . , be the standard basis of R''. Let (Qo, ^^o) be the pair consisting of a quadratic 
form and a linear map defined by 

Qoiv) ^ Qi,...,siv) + 2vs+iVd+ ^ '"i - X! '"^ ^^"^ Mo (u) = (wi, . . . ,Ws) , 

i— s+2 s+ri+1 

where Vi = (u, e^) and Qi^...^s (v) is a non degenerate quadratic form in variables vi, . . . ,Vs. By Lemma 
2.2 of |Sarll| all pairs {Q, M) such that rank (Q|ker(Af)) = d— s and the signature of Q|kcr(A'/) is (^^i, ''2) 
are equivalent to the pair (Qo, Mq) in the sense that there exists gd G GLd (R) and gs G GLg (R) such 
that {Q,M) = {Qff^^g.M^"), where for g e GLd (R) we write Q = Qg if and only if Qo (gv) = Q (v) 
for all V G R"^. Moreover since i? C R** is arbitrary, up to rescaling and possibly replacing R by gsR we 
assume that gd G SLd (R) and that g^ is the identity. Let 

CsL {a,rur2) = {ge SLd{R) : (Qg, Mq^) G Cpah-s (a, ^i, r2)} . 

For g G Csl (o, ri, r2), let Gg be the identity component of the group {x G SLd (R) : Qg (xv) = Qg (w)}, 
Tg = GgtlSLd (Z), Hg = {xeGg: (xv) = (v)} and K g = HgHg-^Od (R).g. By examining the 
description of the subgroup Hg, given in Section 2.3 of [Sarll| it is clear that Kg is a maximal compact 
subgroup of Hg. It is a standard fact that Gg is a connected semisimple Lie group and hence, has 
no nontrivial rational characters. Therefore, because Qq is defined over Q, the Borel Harish- Chandra 
Theorem (cf. |PR94| . Theorem 4.13) implies Tg is a lattice in Gg. We will consider the dynamical 
system that arises from Hg acting on Gg/Tg. For IK = R or Z, the shorthand X^g (IK) = Xg (IK) will 
be used. 

2.3. Equidistribution of measures. We will consider the function a, as defined in [EMM98] . It is 
an unbounded function on the space of unimodular lattices in R"*. It has the properties that it can 
be used to bound certain functions that we will consider and it is left Ki invariant. Similar functions 
have been considered in [Sch95| where it is related to various quantities involving successive minima 
of a lattice. Let A be a lattice in R''. For any such A we say that a subspace U of R'' is A-rational if 
Vol {U/U n A) < cx). Let 

(A) = {t/ : [/ is a A-rational subspace of R'^ with dim J7 = i} . 

For U (A) define c^a {U) = Vol {U/U n A). Note that c^a {U) = \\ui ^...^u^\\ where ui, . . . , 
is a basis for C7 n A over Z and the norm on /\* (R'*) is induced from the euclidean norm on R''. If 
Ni denotes a norm on /\* (R'') we can generalise the definition of the function by defining it with 
respect to the norm Ni. This is done as follows. 

For U € '^i (A) define d^ (U) = Ni {ui A ... A Ui) where ui, . . . ,Ui form a basis for [/ n A over Z. 
Now we can define the function , as follows 

af(A)= sup and (A) = max af (A) . 

!7e*i(A) d^' ([/) i<i<d 

If the norm Ni denotes the standard norm on /\' (R'*) then it will be omitted from the notation. 
Because Ni is a norm these alpha functions are equivalent in the the sense that there exists constants 



EQUIDISTRIBUTION OF VALUES OF LINEAR FORMS ON QUADRATIC SURFACES. 



5 



Til and n2 such that 

maf (A) < a, (A) < naaf (A) , 
for all lattices A. In (|2.3p and Theorem 12.71 wc consider a as a function on Gg/Tg, this is done via 
the canonical embedding of Gg/Tg into the space of unimodular lattices in R'^, given by xTg — >■ xl'^. 
Specifically, every x G Gg/Tg can be identified with its image under this embedding before applying a 
to it. For f e Cc (R'') and g e Csl ''2) we define the function Fj^g : Gg/Tg ^ IR by 

(2.2) Ff,g{x)^ J2 /(^^)- 

The function a has the property that there exists a constant c (/) depending only on the support and 
maximum of / such that for all x in Gg/Tg, 

(2.3) Ff,g{x)<c{f)a{x). 

The last property is well known and follows from Minkowski's Theorem on successive minima, see 
Lemma 2 of |Sch68| for example. Alternatively, see [HW08| for an up to date review of many related 
results. 

We will be carrying out integration on various measure spaces defined by the groups introduced 
at the beginning of the section. With this in mind let us introduce the following notation for the 
corresponding measures. If v denotes some variable, the notation dv is used to denote integration with 
respect to Lcbesgue measure and this variable. Let fj,g be the Haar measure on Gg/Tg, if g G Csl (^"1, ^2) 
then since T g is a lattice in Gg we can normalise so that Hg (Gg/Tg) = 1. In addition, Vg will denote the 
measure on Kg normalised so that lyg (Kg) = 1. Let denote the Haar measure on (IR) defined 

by 

(2.4) f f{v)dv= f f f{v)dm''g{v)da. 

jR-i J-ocJx^{R) 

The following Theorem provides us with our upper bounds and will be proved in Section O 

Theorem 2.5. Let g £ Csl 7'2) be arbitrary and let A = .gZ''. Let {at : t € R} denote a self adjoint 
one parameter subgroup of SO (2, 1) embedded into Hj so that it fixes the subspace {es+2, ■ • ■ , ed-i) 
and only has eigenvalues e~*, 1 and e*. 

(I) Suppose ri > 3 , 7'2 > 1 o,nd 0<(5<2 or ri >2, ri>l and < ^ < 1, then 



sup / a (atkA)^ dvi (k) < 00. 
t>o J K, 



t>0 J Ki 

(II) Suppose ri — r2 ~ 2 or ri = 2, 7'2 = 1 o,nd d = A, then 



1 f 

sup — / a (atk A) dv J {k) < 00. 
t>i t Jk, 



'Ki 

(III) Suppose ri = 2 , r2 = 1, d = 5 and (63, 64, 65) H A = 0, then 



sup - / a (atkA) dvj (k) < 00. 
t>i t Jk, 



'Ki 

Remark 2.6. The extra condition, (63, 64, 65) n A = 0, appearing in the part III, corresponds to extra 
condition appearing in Theorem 12.31 

In Section U we will modify the results from Section 4 of [EMM98] and combine them with Theorem 
12.51 to prove the following Theorem which will be a major ingredient of the proof of Theorem 12.11 

Theorem 2.7. Suppose ri > 3 and r2 > 1. Let A = {at : t € R} be a one parameter subgroup of Hg, 
not contained in any proper normal subgroup of Hg, such that there exists a continuous homomorphism 
p : SL2{R) Hg with p{D) = A and p{SO{2)) C Kg where D ^ {(of°i) :i>0}. Let <j) e 
L^ (Gg/Tg) be a continuous function such that for some < 5 < 2 and some C > 0, 

(2.5) |<?!)(A)| < Ca(A)^ for all A Gg/Tg. 
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Then for all e > and all g G Csl i^i, ^2) there exists Tq > such that for all t > Tq, 

< e. 



4> (atk) dvg (k) - / 4>dfig 

Kg JCg/Tg 

Remark 2.8. The condition that A should not be contained in any proper normal subgroup of Hg is 
only necessary in the case when Hg = SO (2, 2), since in all other cases Hg is simple. 

3. The alpha function and upper bounds. 

In this section we prove Theorem l2.5l bv making necessary modifications to Section 5 from [EMM98] . 
The strategy is to prove that a system of inequalities, which can be used to prove Theorem 12.51 are 
valid for the functions ai . The system of inequalities is completely analogous to that given in Lemma 
5.7 of }EMM98j and is stated below as Propositions EH] and O The main difference is that in 
the present case, we must deal with the fact that Hi does not act irreducibly on R''. By definition 
Hi = SO (ri, r2) and fixes (ei, . . . , e^). Let {at : t G R} denote a self adjoint one parameter subgroup 
of SO (2, 1) embedded into Hi so that it fixes the subspace (es+2, . . . , Cd-i)- Moreover suppose that 
the only eigenvalues of at are e~*, 1 and e*. 

Proposition 3.1. Let A = gJ."^ for some g G Csl {^1,^2)- If either of the following are satisfied, 

(1) < (5 < 1, c > 0, ri > 2, r2 > 1 and < i < d are arbitrary, 

(2) < S < 2 and c > are arbitrary and 

(a) J'l > 3, r2 > 1 and < i < d are arbitrary or, 

(b) 7'i = r2 = 2 and i = 1 or d — 1 or, 

(c) ri = 2, ri = 1, i = 1 or d — I and A n (es+i, . . . , e^) =0. 
Then exists t > and w > 1 such that for all h G Hi , 

(3.1) / a, {atkhAf diyi (k) < cm {hAf + max {a^+■i (HA) a,^j {hA)f^^ . 

In the case when (ri, r2) = (2, 2), note that SO (2, 2) is locally isomorphic to SL2 (R) x SL2 (R). The 
isomorphism is given as the action of SL2 (R) x SL2 (R) on A/2 (R) = R^ defined by (51, (72) "m. — gimg2 
which preserves the determinant of m which is a quadratic form of signature (2,2) on R**. There is 
a basis so that the embedding of SO (2, 1) becomes locally isomorphic to the diagonal subgroup of 

SL2 (R) X SL2 (R) and at becomes x e*^' ) ' "^^^ Proposition 13.21 the subgroup Ki is just 

the standard maximal compact subgroup of Hi in the case when ri = 2 and r2 = 1. In the case 
when ri = r2 = 2 we define Ki to be a maximal compact subgroup of the diagonally embedded 
copy of SO (2, 1) under the above identifications. Moreover, define z>/ to be the Haar measure on Ki 
normalised so that vi (^Ki^ ~ 1- 

Proposition 3.2. Let A = gU^ for some g G Csl (''1, ti)- If either of the following are satisfied, 

(1) 7'i = 2, r2 = 1 and < i < d are arbitrary, 

(2) 7'i = r2 = 2, and 1 < i < d — 1 is arbitrary. 

Then there exists w (t) > 1 and a norm, Ni on /\' (R'^), such that for all t > and all h G Hi, 

(3.2) af (atkhA) dui (fc) < af [HA) + w {tf ^ max^ ^ {a^+J (HA) a^^j [hA))^'"^ . 



iKi 0<j<min{d— 

The following notations will be in place for the rest of the section. Let g G Csl {ri, ^2) be arbitrary, let 
A = g2.'^, let L^ a be the subspace of dimension i such that ai (A) ~ I/c^a {Li, a)- Let wi, . . . , G R'' be 

such that An Li, A = • , Wi)z and let u^^a = wi A • • • Aw^ G A' {^'^)- Let pi^a ■ Hi ^ GL (^/\' {R'^ 

be the i*'' exterior representation. There is a decomposition of the form 

N'{i.d,s) 
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where each subspace listed in the direct sum is pi^d [Hi) invariant. Moreover, 

(C/„ {Hi) \u,) - (j^ (R'-^+'^^) , [SO (ri, r2))^ , 

for some 1 < A; < min {i, ri + r2}. We consider the action Hi x /\' (R'') — ;> /\' (IR'') given by (/i, u) — >■ 
Pi,d (^) V, or equivalently (ft,, wi A • • • A u^) — > /iwi A • • • A hvi. From now on we will denote this action by 

hv. Let Fi^d (Hi) = e f\ (W^) : Hiv = wj be the the fixed vectors of pi^d (Hi) and 7r,;,d : /\' (W^) 
Fi,d {Hi) be the orthogonal projection. The following observation means that for the rest of the section 
we can suppose that a ^ ^i.d {Hi). 

Lemma 3.3. Ifvi^/^ G J'i.d{Hi) then the conclusions of Provosition [J7T\ and Provosition \3.S\ hold. 
Proof. It is easy to sec that if a G J-^^d {Hi) then for any t > and h G Hi, 

tti {atkhA)^ dvi {k) = Ui (A)*^ . 

K, 



Moreover, this implies that the conclusion of Proposition 13.11 holds because we can take 

min . {a, (A) (A) {A))"^ . 

u<^<mm|a— 



It is also clear that the conclusions of Proposition 13.21 also hold in this case. □ 

The following simple Lemma is needed only for the case when ri = 2, ri = 1 and d = 5. 

Lemma 3.4. The condition that A n {cs+i, • ■ • , &d) ~ implies that iri^d {i^i,a) 7^ 0. 

Proof. Suppose An (es+i, . . . , e^) = 0. By definition wi_a G A. However, if tti^^ (ui^a) = then 
Ui A S (gs+Ii ■ • • I ^d) which is a contradiction. □ 

3.1. Proof of Propositions 13.11 and 13. 2i The main idea is that if Ni denotes a norm on /\* (IR'*) 
then Propositions 13.11 and 13.21 follow from statements of the form 

(3.3) [ N, {atkhv,,A)'^ dvi {k) < cN, {Hv^.a)'^ 

J Ki 

where the c,S,h and t come with appropriate quantifiers. We use the decomposition of /\' (R'') de- 
scribed above to define a norm, specifically the norm that we use is defined to be the maximum of the 
norms on each invariant subspace listed in the decomposition. Except for the case when the subspace 
is in Ti^d {Hi) we can then use the results of |EMM98] to obtain our conclusions. The first Lemma to 
be proved deals with the case when iTi^d {vi,A) 7^ 0, in this case, for all h e Hi there is an absolute 
lower bound for ||a(fcft,Wi.A||'^ a-nd this gives a strong result. 

Lemma 3.5. Suppose that iTi^d (''^j.A) 7^ 0- Then for all 5 > and all h € Hi, 

lim / \\atkhvi a\\ ^dvi{k) — Q. 
Jki 

Proof. Consider the action of at on /\* (R'') as previously defined. Let ^7+, VF" and W~ be (respect- 
ively) expanding, neutral and contracting eigenspaces for this action. Let h £ Hi be arbitrary. Let 
p+ : /\' (R'') — ;> be the orthogonal projection and let ICn = {k £ Ki : ||p+ {khvi_A)\\ < v}- Our 
choice of how {at : t E R} is embedded into Hi means that pi^d {Ki) Vi,A ^ ® , this and the 
fact that Vi^A ^ J'i,d {Hi), means that /C,, 7^ Ki. Moreover, JCjj is an algebraic subvariety of Ki and 
consequently vi {ICr/) = 0. Because iTi^d (i'i.a) 7^ 0, the previous observations mean that for all S > 0, 

(3.4) lim||7r,,d(«,:.A)ir*i^/(/C,,) = 0. 
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Note that ||atA:/ifi^A|| > e* {khvi^^)\\ and that ||atfc/iWi.A|| > IKi,d (''^ia)!! ^'^^ hence for ?7 > 0, 
||affc/iw,j.A|| ^dvi{k)^ / ||affc/iu,;.A|| ^dvj{k)+ / j|aifcft,Wi.A|| ^dvi{k) 



< e-V' + lk«,dKA)ir';^/(/C^). 
Therefore, setting ?y ~ and using p.4p we get the conclusion of the Lemma. □ 

The next two Lemmas provide the bounds necessary to prove Propositions 13.11 and 13.21 In Lemma 
13.61 the cases when ni^d i^i^A) ~ and iTi^d (i^i.a) are considered separately. The first case is dealt 
with by our choice of norm and results from |EMM98] . In the second case, Lemma [3.51 can be used 
to complete the proof of Lemma 13.61 Lemma 13.71 is proved by considering special norms defined by 
combining the definitions of norms given in [EMM98] and the norm we consider in Lemma [ 



Lemma 3.6. // the parameters S,ri,r2,i and c satisfy either of the conditions]^ or\^from Proposition 
\3.1l then there exists tg > such that for all t > to and all h G Hj , 

(3.5) / Watkhvi^^W ^ dvi {k) < c\\hvi^A\r^ . 



Proof. For 1 < j < Af{i,d,s) let tj : /\* (R'') — ^ Uj be the orthogonal projections. Consider the 
following norm on /\* (iR'') given by 

N^{v) = max \\tj{v)\\. 

l<j<M{i, d,s) 

The key fact that is used in the following is that 

(3.6) / ||affc/iWi.Air* di^/ (fc) < / \\atkTj {hvi_A)\\~^ dv^k) , 

Jki Jbj 

where Bj denotes the maximal compact subgroup of d (Hi) and denotes the corresponding 
Haar measure. Suppose n.i^d (hvi /^) = T:i_d (w^.a) = 0. It follows from (|3.6p and Proposition 5.4 
of [EMM98] , that if the parameters S,ri,r2,i and c satisfy any of the conditions [1] [2a] or [2b] from 
Proposition l3.1[ then for all 1 < j < M {i,d, s), there exists to > such that for all t > tg and h £ Hj, 



Ki 



\atkhvi^A\\ ^ dvi (k) < c\\Tj {hv.i^A)\\ * 



Hence 



Ni (atkhvi^A.) ^ dvj (k) < min ( / \\Tj {atkhvi,A)\\ ^ dvj (k) 



Ki ' l<J<AA(i,d,s) \J Ki 

<c min (\\Tj {hvi,A)\r] ^ cNi{hvi^^y\ 

l<j<M{i,d,s) V ' / 

Therefore if the parameters d,ri,r2,i and c satisfy any of the conditions [Tl \7a\ or I2bl from Proposition 
13.11 and tt^ ,i (w^ a) = the conclusion of the Lemma follows. However, if TTi^divi^^) 7^ then the 
conclusion of the Lemma follows from Lemma [33] If conditions [^c] of Proposition 13.11 are satisfied we 
use Lemma 13.41 to show that Tri.d (wi^a) 7^ then the conclusion of the Lemma follows from Lemma 
[X5] ' □ 

Lemma 3.7. // the parameters S,ri,r2,i and c satisfy either of the conditions]^ or\^from Proposition 
then there exists a norm, N on /\* (R*^), such that for all t > and h G Hj, 

N {atkhv,,^y^ dvi (k) < N {hv,,Ay^ . 

Ki 

Proof. Let h G Hj be arbitrary. Suppose that ri = 2 and r2 — 1. For v G R'' let = 
max I -v/wi + w|, |w3||. Let iV,;, Tj and Uj be as before, each Uj carries a norm = Uj = R^, 
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or \\v\ 



\v\\ if U, 



Define Ni (v) = maxi<j<jv^(j jj^^j ||tj {v)\\ , . Lemma 5.5 of jEMM98] implies 



that if Uj = then for alH > and h e Hj, 



(3.7) 



It is clear that if U-j 



Wtj {atkhvi^A)h^ diyj (k) < \\Tj {hvi^A)L^ ■ 



K, 



h e Hi, 



(3.8) 



then for all t > 0, ([X7| holds. Then ([X7|) implies that for all < > and 



Ni (atkhvi^A) ^ dvi (fc) < 



Ki 



l<]<J^(i,d.s) \Jk, 



\tj {atkhvi^A)\\^ ^ dvi (k) 



< min 

l<J<AA(i,d,s) 



^ (l|rj(KA)ll7') ^N,{hv,^A) ' 



This proves the Lemma for the case when S,ri,r2,i and c satisfy conditions [T] from Proposition [ 

Suppose that ri = r2 = 2. Recall that /\^ (IR''^) = Vi ® V2 where each Vi is a three dimensional 
invariant subspace for the action of p2,4 {SO (2, 2)). On each subspace SO (2, 2) preserves a quadratic 
form of signature (2,1). Hence, on each Vi we can define the norm ||.||^. For i = 1 or 2, let ai : 

maxj=i_2 II (Ti (w)ll^. 



/\ (R^) — ;> Vi denote the orthogonal projection. For v € /\ (R*), define ||f||2 



Let Uj be as before, each Uj carries a norm, \\v\ 



\v\\* ifUi 



(R^) or llvl 



\v\\ if U, 



If Uj = R"* then it is clear that R^ = Wi W2 where Wi and 14^2 are Kj invariant subspaces with 
dim {Wi) = 1 and dim (W2) = 3. For i = 1 or 2, let : R"* — > Wi denote the orthogonal projections. In 
max{||ii {v)\\ , ||t2 (w)IIJ. Define (v) = maxi<j<jv-(i,d,s) Ikj (w)|| ■ • Suppose 



this case define \\v\ 



U, 



(3.9) 



, then from the definition of the norm 



Tj (^atkhvi^A^ dvi [k^ 



< 



LiTj (atkhvi^A^ dvi [k^ , L2Tj [atkhvi^A^ dDj ^A:^ | . 



It is clear that for alH e R and h E Hj, 



(3.10) 



Ki 



LiTj (atkhvi^A^ dvi {k^ = \\liTj {hvi^A)\\ ^ 



Lemma 5.5 from |EMM98j imphes that for aU i > and he Hi, 



(3.11) 



Ki 



L2Tj {atkhvi^A^ dOi 



dvAk] < 



L2Tj (atkhv,A 



It follows from ((XII), f^^^ and (^TT^i that for aU t > and he Hi, 



(3.12) 



It is clear that if [/,- 



Ki 



Tj (atkhvi^A^ dvi {k^ < \\tj (/iWj,a)||j ^ ■ 



^, then for alH G R, (|XT^ holds. Lemma 5.9 from [EMM98| imphes that if 
Uj = (R'*) , then for all t > 0, (^T^ also holds. Since (fXT^ holds for all 1 < j < ^ {i, d, s), by the 
same method as used to obtain (|3.8p . it implies that for alH > 0, 



Ki 



Ni [atkhvi^A^ dui [k^ < Ni (/iWj,a) ^ 



This proves the Lemma for the case when S,ri,r2,i and c satisfy conditions [2] from Proposition l3.2l □ 

As noted at the beginning of the section Propositions 13.11 and 13.21 follow from Lemmas 13.61 and 
13.71 This is done in the same way as Lemma 5.7 is obtained in [EMM98] . For example we prove 
Proposition [2T] below. The proof of Proposition 13 . 21 is identical, except one should use Lemma [5771 in 
place of Lemma [ 
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Proof of Proposition \3.1[ Let h e Hj be arbitrary. Suppose conditions [T] or [2] from Proposition 13.11 
hold. Since atkhvi, . . . , atkhvi form a basis for atkhLij^ D atkhA we have da^khA (^.tkhLi /^) = 
\\atkh (ui A . . . A Vi)\\ = \\atkhvi^^\\. Hence Lemma [3.61 implies that for all c > there exists a to > 
such that for all t > to and h E Hj, 

(3.13) / datkhA {atkhL^^^y^ dvj (k) < cdhA (hL^.A)'^ < ca* {hA^ ■ 

J Ki 

Let w {t) = maxo<j<(i \\pj.d (at)||. Then for all v e /\' (IR'*) and < j < d, 

(3.14) w{tT^ < l|atw|| /||w|| <w{t). 

Let {h, A, w (t)) = {i e (A) : 4a {hL) < w {tf 4a [hU^A)]- If i € (A) \ (/i, A, w {t)) 

then w (<)^ dhA {hLij^) < d^A (hL). Equation p.l4p implies that for alH > we have w {t)~^ d^^ i^L) < 
datkhA (atkhL) and datkhA (atkhLi^A) < w (t) dhA {hLi^^) and hence for all k € Kj, 

(3.15) datkhA (atkhLi^A) < datkhA {otkhL) . 

If Tj {h,A,w{t)) = {HL.^a}, thenfor L e *j (A) such that L ^ hL.^A then L e {A)\T, {h,A,w{t)). 
It follows from (|3.13p and (|3.15p and the definition of that in this case for all c > there exists 
to > such that for all t > to and h E Hj, 

ai {atkhAf dvi [k) = / sup [datkhA {atkhL)~^\ dvj (fc) 

Ki J Ki L6*i(A) ^ ' 



(3.16) < / datkhA {atkhL,,A) dvi (k) < cat (hA) . 

J Ki 

Assume now that Tt{h,A,w(t)) ^ {/iL^,a}- Let V E T^{h,A,w{t)) with V ^ hL,^A- Then 
dim {V + hLi^A) =i+j and dim {V n hLi^A) ^i- j for j > 0. Now by ^J^, 

(3.17) (atkhA) < w (t) a, (hA) . 
Note that 

(3.18) a,ihA)^dhAiL^,hAy' ■ 
Because V E Ti (h, A, w (t)), dhA (V) < w (t)'^ dhA (LiMA) and hence 



(3.19) w (t) dhA (Li^hA) ^ ^ \Jw [tf dhA {Li^hA) ^ <w {tf {dhA {Li,hA) dhA {V)) . 
Lemma 5.6 from |EMM98j imphcs that 

(3.20) dhA {U.hA n V) dhA [UmA + V)< dhA {L^,hA) dhA (V) 

and hence, combining (fXTTl) . ^JE^, ([XTO]) and (^T^ we get that, for aU k E Kj and t > and 

h E Hi, 



(3.21) ai {atkhA) < w {tf ^ a,+j {hA) at^j (/lA). 

By combining ([XTT]) and (PTTBll it is clear that (^1^ holds. □ 



3.2. Proof of Theorem 12.51 parts II and III. Theorem [2?5] part I is proved by following the method 
of [EMM98] . Since there are more modifications needed to prove parts II and III we present proofs 
of these cases below. Note that part I of Theorem 12.51 is required in the proof of part II for the case 
when ri = 2 and ri = 1. Therefore it is assumed that we have already proved part I. 

Proof of Theorem \2.5\ varts II and III. Let fi {h) = af {hA) where Ni are the norms so that (|3.2p is 
satisfied. We will be applying Lemma 5.13 from [EMM98] to the functions fi (or a weighted average 
of them), to justify this we make the following observations: 
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(1) Because ||/iVi,A|l / I1''^4,aI1 — A* W ^ot all h G Hj, it is true that for all e > there exists a 
neighbourhood V (e) of 1 in Hj such that (1 - e) fi (h) < fi {uh) < (1 + e) fi {h) for all h£ Hj 
and u € V {e). 

(2) Since af is left Ki invariant so is fi. 

(3) There exists /3 > such that h (1) = af (A) < /3. 

We also note that if we define fi [h) = fi (hk) dvi (k) then fi also satisfies conditions [T] El and 

[31 Also, note that fi [h) — fi (hk) dvi (fc) = fi (h) because vi is a probability measure. Suppose 
7'i = 2 and r2 = 1 and d = 4. By Proposition 13.21 for < i < 4, there exists a. w (t) > 1 such that for 
aU h e Hi and t > 0, 

(3.22) / f,{atkh)diyiik) < f,{h) + w{tf max {f,+j (h) f,^^ {h)f\ 

JKi 0<i<min{d-!,i} 

Writing out the inequalities explicitly gives 

(3.23) / /2 {atkh) dvi (fc) < /2 (/i) + w {tf (/i (/i) /3 {h)f'^ , 

J Ki 

and 

(3.24) / f,iatkh)diyi{k)<f^{h)+w{tfif2{h)f\ 

JKi 

for i = 1 or 3. Let fi (h) = Jj^^ fi (hk) dvi (k). Writing out the inequalities (|3.23|) and (|3.24|) with h 
replaced by hk and integrating over k S Ki gives 



(3.25) h {atkh) dvi (k) < /2 (h) + w [tf (A {h) + h {h)) , 

and 



(3.26) / f,{atkh)dvi{k) < f,{h) + w{tf {f2{hk)f'^dvi{k), 

JKi JKi 

for i = 1 or 3. Since we may write h G Hi as k'atk" for k', k" £ Ki we have that 

(3.27) / {f2{hk)f^dvi{k)<^, 

JKi 

by part I of Theorem l2.5l Therefore combining (|3.27p and (|3.26p we see that, for i = 1 or 3, satisfies 
the conditions of Lemma 5.13 of |EMM98] and so 

(3.28) [ h{atk)dvi{k)<Bt, 

J Ki 

for i = 1 or 3. Writing (j3.25p with h replaced by hk and integrating over k G Ki again gives 

(3.29) j^^ A {atkh) dvi (fc) < A {h) + w {t)^ (A {hk) + A (/ifc)) dvi (fc) . 
Hence, using ((X^ and Lemma 5.13 of |EMM98| we see that 

(3.30) [ f2{atk)diyi{k) <Bt. 

JKi 

From (|3.28p we see that for i = 1 or 3, 



af (otfcA) di// (fc) = / / {atk'kl\)dvi{k)dvi{k')^ f,{atk') dvi {k') < Bt, 

Ki J Ki J Ki J K, 



and for i = 2, 

{atkA)dvi{k)^ [ [ [ {atk" k' kA) dvi (k) dvi {k') dvi {k") ^ [ f,{atk")dui{k")<Bt. 

Ki J Ki JKi JKi JKi 

This proves part II of Theorem 12.51 for the case when ri = 2, ri = 1 and d = 4. 
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Suppose n = r2 = 2 or ri = 2, r2 = 1, d = 5 and A n (ea, 64, 65) ~ 0. Let fi [h) = (/lA) where 
Ni are the norms so that (|3.2p is satisfied. By Proposition 13. II parts I2bl and for i = 1 or d — 1 and 
aU c > 0, there exists a to > and wo > 1 such that for aU h E Hj, 

(3.31) f h{at,kh)dvi{k)<ch{h) + wl max {h+j {h) f,^, {h)f'\ 

JKi 0<j<niin{d-i,i} 

By Proposition 13.21 for 1 < j < d — 1, there exists a w (t) > 1 such that for all h e Hj and t > 0, 

(3.32) / /, (atkh) dvi (fc) < /, [h) + w [tf max (/,+, (/i) (/i))^/' . 

JA'j 0<j<min{d-i,j} 

Let q{i) ~ i{d~ i). Then from (|3.31|) and p.32p we get for all < e < 1, arbitrary > for i = 1 or 
d — 1 and Ci ~ I for 1 < i < d — 1, there exists to > and w ~ max {w (to) , wq} > 1 such that 
(3.33) 

L e'^''/^ (ato^/i) di)i {k) < c,e«(*)/, (/i) + ew^ max ^ f e«('+^V.+, (h) e^^'-^V.-, (Z^)) • 

Jj^j 0<j<min{d—i.i} V / 

Integrating (|3.33p over Kj with fc replaced by hk implies that 
(3.34) 

^ e«(^)/, (at.kh) dvi (fc) < c,e'(^)/, (/i) + ew^ max ^ f (/») + (/i)) ■ 

Let /e = I]o<i<d^''^'''/'- /i < fe and fo^fd = 1, by summing (|3.34p we obtain 



(3.35) / /e (at„/s/i) di>/ (fc) < c'/^ (/i) + 2deu;V£ (M 

for some < c' < 1. Take e = (1 — c') /2dw'^ and we see that 



(3.36) / ,hiat„kh)dOi{k)<f,{h). 

JKi 

Now it remains to note that restricted to a the copy A'/ inside SO (2, 2) satisfies the conditions of 
Lemma 5.13 of |EMM98] and hence there exists B > 0, so that for alH > 1, 



(3.37) / /e {atk) dvi (fc) < Bt. 

JK, 

Since 

af (at/cA) dvi [k) = L f (atkkA^ dvi (fc) dvi [k^ 



h (atk) dPi (fc) < e-9(') / /, (atfc) di>/ (fc) , 



if/ JKi JKi 

iKi ^ ^ ^ ^ JKi 

(|3.37p implies the conclusions of part II of Theorem 12.51 when ri — r2 — 2 and part III Theorem 12.51 
when ri = 2 and r2 = 1. □ 

4. Ergodic Theorems. 

For subgroups Wi and 1^2 of Gg, let X (1^1,1^ 2) = {.9 e Gg : 1^25 C gWi}. As in |EMM98| the 
ergodic theory is based on Theorem 3 from |DM93| reproduced below in a form relevant to the current 
situation. 

Theorem 4.1. Suppose ri > 2 and r2 > 1. Let g S Csl (fi, T2) be arbitrary. Let U ~ {ut : t G R} 6e a 
unipotent one parameter subgroup of Gg and (j) be a bounded continuous function on Gg/Tg . Let V be a 
compact subset of Gg/Tg and let e > be given. Then there exists finitely many proper closed subgroups 
Hi, . . . , Hk of Gg, such that Hi D Tg is a lattice in Hi for all i, and compact subsets Ci, . . . ,Gk of 



EQUIDISTRJBUTION OF VALUES OF LINEAR FORMS ON QUADRATIC SURFACES. 



13 



X {Hi, U) , . . . , X {Hk, U) respectively such that for all compact subsets F o/P — IJ-^^j^^. CiTg/Tg there 
exists a Tq > such that for all x G F and T > Tq, 

rT . 

(j) {ufx) dt ~ (t)dfig < e. 



(4.1) 



keKa 



1 [ <j,[utk)dt - [ 
^ Ja Jg. 



Kgn 



Remark 4.2. By construction the subgroups Hi occurring arc such that Hi D Tg is Zariski dense in 
Hi and hence Hi are defined over Q. For a precise reference see Theorem 3.6.2 and Remark 3.4.2 of 
|KSS02j . 

The next result is a reworking of Theorem 4.3 from [EMM98] . The difference is that in Lemma H31 
the identity is fixed as the base point for the flow and the condition that Hg be maximal is dropped. 

Lemma 4.3. Suppose ri > 2 and r2 > 1. Let g G Csl (''i,?'2) be arbitrary. Let U ~ {ut ; t G R} be a 
one parameter unipotent subgroup of Hg , not contained in any proper normal subgroup of Hg . Let (j) 
be a bounded continuous function on Gg/Tg. Then for all e > and rj > there exists a Tq > such 
that for all T > Tq, 

rT 

(j)dfj,g > e ^ ) < 77. 

Proof. Let Hi, . . . ,Hk and Ci, . . . ,Ck be as in Theorem 14.11 Let 7 g F^, consider Yi (7) = 
X {Hi, U)j. Suppose that Yi (7) = Kg, then Uk'j^^ C kj^^Hi for all k E Kg. In other words 

(4.2) k'^Uk C 7"^i?j7 for aU k e Kg. 

The subgroup {k^^Uk : k e Kg) is nornmhsed by UUKg and clearly {k^^Uk : k G Kg) C ([/ U Kg) C 
Hg. If G is a simple Lie group with finite centre, with maximal compact subgroup K, it follows from 
exercise A. 3, chapter IV of jHelOlj that K is also a maximal proper subgroup of G. This means that 
because Hg is semisimple with finite centre, any connected subgroup L of Hg containing I^g can be 
represented as L = H' Kg where H' is a connected normal subgroup of Hg. Because U is not contained 
in any proper normal subgroup of Hg, this implies that {U U Kg) = Hg. Therefore, (k~^Uk : k e Kg) 
is a normal subgroup of Hg and because U is not contained in any proper normal subgroup of Hg, we 
have {k~^Uk : k e Kg) = Hg. This and (gS]) imply that Hg C ^r^Hij. Note that 7 e SLd (Z) and by 
Remark |4. 2 [ Hi is defined over Q. Therefore, j~^Hi'y is defined over Q, it follows from Theorem 7.7 of 
|PR94j that 7-ii/,7 n S'Ld (Q) = -f~'^H,j. Therefore Lemma 3.7 and Proposition 4.1 of [Sarllj imply 
that 'y~^Hi^ = Gg which is a contradiction and therefore Yi (7) C Kg. This means for all 1 < i < fc, 
Yi (7) is a submanifold of strictly smaller dimension than Kg and hence 

(4.3) i^g {Y (7)) = 0. 
Note that because Ci C X {Hi , U) , 

KgH y C,TgCKgn \j X{H„U)Vg^ |j [^^{-f) 



l<i<k 



l<i<k 



l<i<k jGFg 



and therefore (|4.3p implies 



, it follows that, for all ij > 



(4.4) l^glKgn y C^Tg I = 0. 

\ l<i<k 

Let I? be a compact subset of Gg such that Kg C V. Then from 
there exists a compact subset F oiV — Ui<i<fc ^i^g, such that 

(4.5) i^g{FnKg)>l-r,. 

From Theorem lin for all e > there exists a Tq > 0, such that for all x e {F n Kg) /Tg and T > Tq, 

] dt — I 4>d^g < e. 

Gg/Fg 



1 r 

T Jo 
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Therefore if ke Kg,T> Tq and 



^ f (j){utk)dt- [ (pdfig 
^ Jo JajTg 



then ke Kg\ F, but Vg {Kg \ F) < 77 by ([13)) and this imphes ([H^ . □ 

Lemma 4.4. Suppose ri > 2 and r2 > 1. Let g G Csl (''1j7'2) be arbitrary. Let U = {ut : t G R} be a 
one parameter unipotent subgroup of Hg , not contained in any proper normal subgroup of Hg . Let (j) 
be a bounded continuous function on Gg/Tg. Then for all e > and S > there exists a Tq > such 
that for all T > Tq, 



1 fii+S)T 

Sf 



(j) [utk) dvg {k) dt — / (pdfig 

K„ J Gg/Tg 



< e. 



Proof. Let be a bounded continuous function on Gg/Tg. Lemma 14.31 imphes for all e > 0, 77 > and 
d > there exists a Tq > such that for all T > Tq, 



(4.6) 



' k e K„ 



dT 



,rr I (f>{utk)dt- I cpdfic 

^0 JCg/Fg 



> e U < 77. 



Using (|4.6p with d — 1 and d = 1 + S wc get that for for all e > and 77 > there exists a subset 
C C Kg with I'g (C) > 1 — 77 such that for all fc G C the following holds 



{utk) dt — T 



JGg/Tg 

Hence for all fc G C we have 

(1+<5)T 



< eT and 



r{l+S)T 



<p{utk)dt~- {l + 5)T I (Pdug 

J Gg/Tg 



< {l + S)Te. 



/; 



(f) {utk) dt — ST 



{1+S)T 



'Gg/Tg 



(pdfic 



< 



(l){utk)dt-{l + 5)T 
4> {utk) dt — T 



(pdfig — / (p{utk)dt + T / (pdiig 

Gg/Tg Jo J Gg/Tg 







r{l+S)T 


T / (pdfig 




/ (p{utk)dt 


J Gg/Tg 




Jo 



(pdfic 



'Gg/Tg 



< 



(2 + 6) Te. 



This means that for all S > 0, r] > and e > 0, 

I fa+S)T 



k G Kn 



ST 



(j) {utk) dt — j (pdfic, 

Gg/Tg 



< 



{2 + S)e 



> 1 - 77. 



□ 



Since we can make e and rj as small as we wish this implies the claim. 

Lemma 4.5. Suppose ri > 2 and 7'2 > 1. Let A — {at : f G R} be a one parameter subgroup of Hg, not 
contained in any proper normal subgroup of Hg , such that there exists a continuous homomorphism 
p : SL2 (R) Hg with p{D) ^ A and p{SO{2)) C Kg where D = { ( * ^Pi ) : t > 0} . Let p be a 
continuous function on Gg/Tg vanishing outside of a compact set. Then for all g G Csl (?'i,f2) o-nd 
e > there exists Tq > such that for all t > Tq, 



(p) {atk) dvg (fc) - / (pdpg 

Kg JGg/Tg 



< €. 
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Proof. This is very similar to the proof of Theorem 4.4 from |EMM98] and some details will be omitted. 
Fix e > 0. Assume that </> is uniformly continuous. Let itt = ( J * ) and w = f ? V Then it is clear that 



dt 



= btuthw, where 6* = (l + t-^) 1/2 ^ ^ ^^o_ 



and kf 



, 1 



1/2 / 1 t-i 

By our assumptions on A there exists a continuous homomorphism p : SL2 (R) — > Hg such that 
p{D) = A and p{SO{2)) C Kg. Let p{dt) = d[, p{bt) = b'^, p{kt) = fcj and p{w) ^ w' . Then for all 
t>0 and 5 € CsL (ri,r2), 



{h'tu'tk[w'k) dvg (k) 



(4.7) 



(fetu^fc) dz/g (fc) , 



since fcj and w' E Kg. It follows from (|4.7p that for r, t > 0, 



(4.8) 



(j) {d[k) dvg {k) — I (/) (u'^^k) dvg (k) 
K„ Jk„ 



< 



>{d'^,k)~<ly{d[k))dVg{k) 



>{d',,k)-<j,{u'^,k))dVg{k) 



{<P{d'Ak)-cl^{d',k))dvg{k) 



{<P{K,u',,k)-<P{u',,k))dUg{k) 



By uniform continuity, the fact that limt^.oo h = I and (j4.8p imply there exists Ti > and 5 > such 
that for t > Ti and I?' — 1| < (5 we have 



<^ (4fc) dZ/g (fc) 



(u'^t^) dvg (k) 



Thus, if T > Ti then 
(4.9) 



cf,{d',k)d,yg{k)-- 

K„ OJ^ JT 



{1+S)T 



< e. 



4> iu[k) dvg {k) dt 



< €. 



Combining (j4.9p with Lemma 14.51 via the triangle inequality finishes the proof of the Lemma. 



□ 



The section is completed by the proof of the main ergodic result whose proof follows that of Theorem 
3.5 in |EMM98j . 

Proof of Theorem \2.'A Assume that is non-negative. Let A{r) = {cc e Gg/Tg : a{x) > r}. Choose 
a continuous non-negative function gr on Gg/Tg such that {x) = 1 if a; € A{r + 1), g^ {x) = if 
A{r) and < (x) < 1 if x e A (r) \ A (r + 1). Then 



(4.10) 



4>{atk) dvg (fc) 



IK, JK, 

Let 13^2-5 then for x e Gg/Tg, 



(/> (atk) gr (atk) diyg (k) + / {4>{atk) - (j) {atk) gr [atk)) dvg {k) . 



Ka 



(j) (x) gr (x) < Ca (x)^ gr (x) 

= Ga ixf-^/' gr (x) a (x)"^/' < Gr-^/'a (xf-^^^ . 
The last inequality is true because gr (x) = if a (x) < r. Therefore 

(4.11) \ cj) (atk) gr (atk) dug {k) < Gr'^/^ f a {atkf-"'^ dug (k) . 

JKa JKa 
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Since g £ Csl (''i, ''2), ti > 3 and r2 > 1 Theorem 12.51 part I implies there exists B such that 
/ a{atkf~'^^^dvg{k)^ ao g-^ [atkgf"'^^'^ dvi{k)< c{g) j a{atkgf~'^^'^dvi{k) 

JKg JKi J Ki 

for alH > 0. Then (|iTT1) implies that 

(4.12) / (j){atk)gr{atk)diyg{k) < BCr-P^^. 



For all e > there exists a compact subset, C of Gg/Tg such that fig (C) > 1 — e. The function a is 
bounded on C and hence for all e > 0, 

lim fig {A (r)) = lim {fig {{x e C : a (x) > r}) + fig {{x G {Gg/Tg) \C:a{x)> r})) < e. 

r— ^00 1 — s-oo 

This means that 

(4.13) lim fin{A{r)) =0. 
Note that 

(4.14) / 4>{x)gr{x)dfig{x) < / 4>{x)dfig{x) . 
Since e {Gg/Tg), (jil^ and (|iTll) imply that 



(4.15) lim / (p {x) gr {x) dfig {x) = 0. 

Since the function 4'{x) — (j){x)gr {x) is continuous and has compact support, Lemma 14.51 implies for 
all e > and g G Csl (f 1, ^'2) there exists Tq > such that for all t > Tq, 



(4.16) 



{(/) {atk) - (j) {atk) 5^ {atk)) dvg {k) - / (</> (a;) - (x) gr {x)) dfig {x) 



e 

<2- 



It is straight forward to check that (|4.10p . (|4.12p . (|4.15p and (|4.16p imply the conclusion of the Theorem 
if r is sufhciently large. □ 



5. Proof of Theorem 12. II 

The proof of Theorem 1 2 . 1 1 follows the same route as that of Sections 3.4-3.5 of |EMM98] . The main 
modification we make in order to handle the present situation is that we work inside the surface Xg (R) 
rather than in the whole of R'*. For t G R and w e R'' define a linear map at by 

atv = {vi, . . . , Vs,e'^*Vs+i,Vs+2, e*Wd) • 

Note that the one parameter group {at : tE R} = g^^ {at : t E R} g C Hg and that there exists a 
continuous homomorphism p : 5^2 (R) Hg with p {D) = {at : tE R} and p{S0{2)) C Kg where 
D = {(0 t°i ) '■ t > O}. Moreover note that {at : t E R} is self adjoint, not contained in any normal 
subgroup of Hg and the only eigenvalues of at are e~*, 1 and e*. In other words, {fit : tE R} satisfies 
the conditions of Theorem 1 2 . 71 and Theorem 12.51 For any natural number n, let S*""^ denote the unit 
sphere in a n dimensional Euclidean space and let 7„ = Vol (5") and Cn.ra = 7ri-i7r2-i then define 

(5.1) Ci = c,„,,2(2--i--^)/2 ^ c,„,,2(2-'i+-)/2. 
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5.1. Proof of Theorem 12.31 In Lemma [5.11 it is shown that it is possible to approximate certain 
integrals over Kg by integrals over IR'^^'*^^. The integral over ^^.-'^-'^ can be used like the characteristic 
function of R x y4(T/2,T), in particular Theorem 12.31 is proved as an application of Lemma [5.11 It 
should be noted that Lemma [5TT] is analogous to Lemma 3.6 from [EMM98] and its proof is similar. 



Lemma 5.1. Let f be a continuous function of compact support on 
for g e CsL iri,r2) let 



{v e 



)>0} 



is,r,Vs+2,---,Vd-i,Vd)dv, 



s+2 



. dv, 



where Vd = {a ~ Ql . . . ,is,0,v. 



s+2, 



.,Vd^i,0)) /2r, so that Qg (^i 



Js,r, Vs+2, ■ ■ ■ ,Vd^l,Vd) 



a. Then for every e > there exists Tq > such that for every t with e* > Tq and every v £ R'^ with 
M > To, 



< e. 



Proof. By Lemma 2.2 of |Sarll| . for all g e Csl {ri, r2) there exists a basis of R^, denoted by 6i, . . . , hd 
such that 

s+ri d—1 

Ql {v) = Qi,...,s (v) + 2vs+iVd + ^ ^'f - J2 ' {v) = {vi,..., Vs) , 

z— s+2 S + Ti + l 

and 

at {v) = (-ui, . . .Vs,e~*Vs+i,Vs+2, ■ . . w<i-i, e'wd) , 
where Vi = {v, hi) for 1 < i < d and (5i,...,s (w) is a non degenerate quadratic form in variables vi, . . . ,Vs- 
Let E denote the support of /. Let ci = inf^gg (i;, 6s+i), C2 ~ sup„gg (u, 6<,+i). From the definition 
of at it follows that / (atw) — unless 

(5.2) \{w,bs+i){w,bd)\<P, 

(5.3) ci < (u;,6,+i)e-* < C2, 

(5.4) tt' (w) e tt' (E) , 

where /3 depends only on E and tt' denotes the projection onto the span of 6i, . . . , bg, bs+2i • • ■ , ^d-i- 
For w satisfying (|5.2p and (|5.3p we have {w,bd) = 0(e^*). This, together with (|5.4p and (|5.3p imply 
that if / (otw) 7^ and t is large, then 

(5.5) \\w\\^{w,b,+,)+0{e-'). 
Note that by ([53]) . 

(5.6) (atu;, = (w, 6,+i) e"* = e"' Hu-H + O (e'^*) , 
and 



[atW, 



(w,b. 



for 1 < i < s, or s + 2 < i < d — 1. 



(5.7) 
Finally, 
(5.8) 

{atW, bd) = (Qo (w) - Qo (("^^ ^i) ' ■ • ■ ' ^s) , 0, (u), bs+i) ,...,{w, bd-i) , 0)) /2 (atui, 

= (Qg H - ((«;, 6i) , . . . , {w, bs) , 0, 6,+i) ,...,(«;, 6rf-i) , 0)) /2e-* + O (g-*) . 



Hence, using (j5.6p . (j5.7p and ()5.8p together with the uniform continuity of /, applied with w ~ kv for 
w G IR'[ and k E Kg, we see that for all ^ > there exists a to > so that if < > then 

(5.9) \f {atkv) - / (ill, ...,Vs, \\v\\ e^\ {kv,bs+i) , • ■ • , {kv,bd~i) ,Vd) \ < 5, 

where Vd is determined by 

Ql (yi, ...,Vs, \\v\\ e^\ (kv,bs+i) {kv,bd~i) ,Vd) = Ql (u) = a. 
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Change basis by letting fs+i = {bs+i + bj.) /\/2, fd = [bs+i - bd) /V2 and fi = bi for 1 < i < 
s, ors + 2<i<d— l.In this basis Kg = SO (ri) x SO (7-2) consists of orthogonal matrices preserving 
the subspaces Li = (/i, . . . , J^) , L2 = (A+i, . . . , /.s+n) and L3 = (/s+^+i, • ■ • , ./d)- For i = 1, 2 or 3, 
let TT,; denote the orthogonal projection onto Li. Write pi = Utt; (w)|j; then the orbit KgV is product of 
a point and two spheres {wi, . . . ,Vs\ x p2S^^~^ x p^S^^^^, where S'''^"^ denotes the unit sphere in L2 
and S^'^^^ the unit sphere in L^. 

Suppose w G KgV is such that / (atw) 7^ 0. Then from (|5.2p and (|5.3p it follows that {w, bd) = 
O (e-*). Now, set w, = {w, /,;), then w,+i = 2-1/2 ^ q (g-*)^ ^ 2-1/2 _^ ,3 (g-t) 

and for 1 < i < s, ors + 2<i<d — l,Wi = (1). Hence for i = 2 or 3, 
(5.10) p, = Ik, (u;)|| = 2-1/2 ^^^^^ ^ Q ^g-t^ ^ 2-1/2 ij^jj ^ Q ^g^t^ _ 



where the last estimate follows from (|5.5p . 

By integrating (|5.9p with respect to Kg we see that for all e > there exists a to > so that if 
t > to then 



(5.11) 



/ {atkv) dvg (k) - f (vi,.. .,Vs, \\v\\ e *, {kv, bg+i) , . . . , {kv, bd-i) , Vd) dvg (fc) 



< e. 



Equation (|5.4p implies that if / (dtkv) 7^ 0, then A:w is within a bounded distance from /52/s+i + Ps/d- 
As increases so do the pi and the normalised Haar measure on p2'S'''^-i near p2/s+i tends to 
(l/Vo\(^P2S^^^^)) dvs+2 ■ ■ -dvs+n and similarly the Haar measure on P3S^^~^ near psfd tends to 
(l/Vol (p35'"^-i)) dvs+n+i ■ ■ ■ dvd-i- This means that as tends to infinity the second integral in 
((5TT|) tends to 

1 — ri 1 — r2 

(5.12) ^ ^2 / f {vi,...,VsA\v\\e-^,Vs^i,...,Vd)dvs+2---dvd-i 

Cri,r2 

= 4S^3^^A. (Afo^(.),|!H!e-*). 

P2 /'a '''•i,r2 

Because (OTII implies that Pa^'V?"^ 2^'+'^-'^^/'^ hW^''^"^ + 0(e-*) we can use (ICT^) and (jET^ 
to get that for all e > there exists a to > so that if < > and ||u|| > to then 



gt(s+2-d) 

/ [atkv) dvg (fc) J/,g {M^ [v] , ||w|| e 



< e. 



By dividing through by the factor ' — ^ we obtain the desired conclusion. □ 

For /i and /2 continuous functions of compact support on R'^ = {u € R'' : {v,es+i) > O}, define 
"^fi.g + '^f2-g ~ Jfi+f2,g and Jfi,gJf2,g = Jfif2,g- These operations make the collection of functions of 
the form Jfg into an algebra of real valued functions on the set R'' x {u e R : w > 0}. Denote by this 
algebra by A. The following Lemma will be used in the proofs of Theorem 1 2 . 31 and Theorem 12. II 

Lemma 5.2. A is dense in Cc (R" x {v e R : w > 0}). 

Proof. Let i? be a compact subset of R'* x {v G R : v > 0}. Let Ab denote the subalgcbra of A of 
functions with support B. It is straightforward to check that the algebra Ab separates points in B 
and does not vanish at any point in B. Therefore, by the Stone- Weierstrass Theorem (cf. jRud76| . 
Theorem 7.32) Ab is dense in the space of continuous functions on B. Since B is arbitrary this implies 
the claim. □ 

Proof of Theorem \2.!A Let e > be arbitrary and g G Csl {ri,r2). By Lemma 15.21 there exists a 
continuous non-negative function / on R'| of compact support so that Jf g > 1 + e on i? x [1,2]. Then 
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if z; e K'' satisfies e* < ||u|| < 2e\ (v) £ R and Ql (v) ^ a then J/.g {M^ (v) , \\v\\ e"*) > 1 + e. 
Then by Lemma [531 for sufficiently large t, 

J Kg 

if e* < < 2e*, A/q [v) G -R, and Qq {v) = a. Then summing over v G Xg (Z), we get 



\Xg (Z) n Vm {[a, h]) n A (e*, 2e*) | < ^ Cie^'^-^-^)* / / (atfc«) dvg (fc) 



(5.13) = Cie^''-^-^)* / (atfc) dvg (fe) . 

Note that 



(5.14) / Fy.g (atfc) dvg (fc) = / (.g^'otM rfi'/ (fc) • 

By (|2.3p we have the bound (x) < c (/) a (x) for all a; e Gg/Tg where c (/) is a constant depending 
only on /. Since g e Csl (fi, ''2)7 part I of Theorem 1 2 . 51 implies that if ri > 3 and r2 > 1 then 

(5.15) / Ff^g (g'^atkg) di^j {k) < c{f o g^^) a {atkg) dvi {k) < 00. 

JKi JKi 

In the case when ri = 2, r2 = 1 and d = 5, the condition that ker (A/) n Z"^ = is equivalent to the 
condition that (ea, 64, 65) n gJ."^ ~ 0. Therefore, if ri = 2 and r2 = 1 or 2, parts II and III of Theorem 
12.51 imply that for all g E Csl {ri , r2 ) there exists a constant C so that 

(5.16) / Ff^g{g-^atkg)dvi{k) <c{f og-^) [ a {atkg) duj (k) < Ct. 

JKi ' JKi 

Hence, (|5.13p . (|5.14p and (|5.15p imply that as long as ri > 3 and 7-2 > 1 there exists a constant C2 
such that 

\Xg (Z) n Vm (i?) n A (e*, 2e*) | < C2e^'^-'-'^'^\ 

Similarly, (|5.13p . (|5.14p and (|5.16p imply that if ri = 2 and r2 = 1 or 2, and in the case when ri = 2, 
r2 = 1 and d = 5 we have ker [M) n Z'' = 0, then 

\Xg (Z) n Vm [R) n A (e*, 2e*) | < C2te('^-"-2)*. 

Since we can write T = e* and 



A (0, T) = \im^ I A (0, T/2") Q ^ (r/2\ T/2*-^) 



the Theorem follows by summing a geometric series. □ 

Theorem 12.31 has the following Corollary which is comparable with Proposition 3.7 from |EMM98] 
and will be used in the proof of Theorem 12.11 

Corollary 5.3. Let f be a continuous function of compact support on R"^. Then for every e > and 
g € Csl (''i, ''2) there exists to > so that for t > to, 



(5.17) 



-(d-s-2)t \^ T. (l^rg,^ |L,||„-t 



Jf,g {M^ (V) , \\V\\ e-*) - Cl / Ff^g (atk) dVg (fc) 



< e. 



Proof. Since J/,g has compact support, the number of non zero terms in the sum on the left hand side 
of (|5.17p is bounded by ce'-'*"'*"^^* because of Theorem 12.31 Hence summing the result of Lemma [23] 
over V £ Xg (Z) proves (|5.17p . □ 
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5.2. Volume estimates. For a compactly supported function /i on R'' x 0?*^ \ {0} we define 

e(/i,T)= / h{M^{v),v/T)dmg{v). 

For A" C R'' we will use the notation Vol^g {X) = ^.j^j '^xnXg{R}d'n^g to mean the volume of X with 
respect to the volume measure on Xg (R). 

The following Lemma and its Corollary arc analogous to Lemma 3.8 from |EMM98] and the proofs 
share some similarities, although it is here that the fact we arc integrating over Xg (R) rather than the 
whole of R'' becomes an important distinction. In Lemma 15.41 we compute limj'^.oo j^d-s-i Q {h, T), 
here it is crucial that h is not defined on R" x {0}; if it was, using the fact that h can be bounded 
by an integrable function, one could directly pass the limit inside the integral and the limit would be 
0. The basic strategy of Lemma 15.41 is that we evaluate the integral ^j^^ dirig by switching to polar 
coordinates. This has the effect that the integral changes into an integral over two spheres, then we 
approximate the spheres by an orbit of Kg and an integral over the coordinates fixed by Kg. 

Lemma 5.4. Suppose that h is a continuous function of compact support in R* x R'' \ {0}. Then 

hm {h, T)=C\ f r f h {z, rkeo) r^-'-^dz^d^g (k) , 

where Cq is a unit vector in R'^ and Ci is the constant defined by (jS.ip . 

Proof. By Lemma 2.2 of |Sarll| . for all g e Csl {ri,r2) there exists a basis of R'', denoted by /i, . . . , fd 
such that 

Q'oM = J2"'- E ^'+E^'- E M^{v)^J{v,,...,v,), 

i—1 i—si-\-l i—s+1 i—s~\-ri~\-l 

where Vi = {v,fi) for 1 < i < d , J G GLg (R), si is a non-negative integer such that ri + si = p 
and S2 is a non-negative integer such that r2 + S2 ~ d — p. Let Li = (wi, . . . ,Wsi,'ys+i, . . . ,i's+ri), 
L2 = {vsi+i, ■ ■ ■ ,Vs, Vs+n+i, ■ ■ ■ , Vd), SP~^ be the unit sphere inside Li and S'^~^~^ be the unit sphere 
inside L2. Let a € 5^"^ and f3 S S'^~p~'^. Using polar coordinates, we can parametrise v £ Xg (R) so 
that 

^/aai cosht for 1 < i < si 

^/aPi-si sinht for Si -\- 1 < i < s 
^/aai-s+si cosht for s + \ < i < s + ri 
^y/aPi-si-n sinht for s + ri + \<i<d. 
In these coordinates we may write 

(d-2)/2 

dmg {v) = coshP-i t sinh«-i tdtdS, (a, P) = P (e*) dtd(, (a, /3) , 

where P {x) = "'^^^i^ + [x"^^^) and ^ is the Haar measure on S^^^ x S'^^^. Making the change 
of variables, r = , gives 

(5.19) Vacosht = rr + a/4Tr and y/Esinht = Tr - a/ATr. 

Let L'l = (I's+i, . . . ,i's+ri), L'2 = {vs+n+i, ■ ■ ■ ,Vd), S^'^~^ be the unit sphere inside L'^, S^^~^ be the 
unit sphere inside L'2, a' G S**"^^^ and /?' G S**"^"^. Wc may write 

d^ (a, 13)^6 (a, 13) da^ . . . da,, . . . d(3,, d£,' (a', /?') 

where 5 (a, P) is the appropriate density function and d^' is the Haar measure on S'''^"^ x S'''^"^. This 
gives 

/ 2Tr \ dr 

(5.20) dmAv)^ P{^\5 (a, /3) —dm . . . das.dpi . . . dfi^^dC («', P') ■ 

\Va J r 



(5.18) 
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Let z g R". Make the further change of variables 

(5.21) (ai, . . . ,q;si,/3i, . . • , As-sJ = -jrj'^z, 
this means that 

(5.22) dai. . .das^d(3i. . .dl3s^ = -^^^^;^j^—ydz. 
Moreover, using (|ET5)) . ([O^ and ((OT|) gives 

(5.23) Af|f (i;) = z + 0(l/T) and v /T = r {a' + P') + O {l/T) . 

Since h is continuous and compactly supported it may bounded by an integrable function and hence 

^l™^ T) = ^lin^ I h {Mi (v) , v/T) dm, (v) 



lim (^'^0 («) ' ^/T) drUg (v) 

/ / h{z,r{a' + P'))r^-^-H{a',p')dz-dS,' {a',p'), 

where in the last step follows from (|5.20p . the definition of P{x), (|5.22p and (|5.23p . Note that from 
the definition of S it is clear that S (a', /?') = 1. Finally, let gq ~ ^ (/i + /p+i) and (a' + /3') = /ceo 

and r' — to get that 

1 f f°° f dr' 

Td^^i'^^T) = cJ / h{zyke^)r'^'-^-^dz—dvg{k). 



□ 

Corollary 5.5. For all g G Csl (?'i, ''2) there exists a constant C3 > such that for all compact regions 
R C R'^ wit/i piecewise smooth boundary 

^1™, ^^ra ^^^^^9 (i?) n A (r/2, r)) = C3 Fo/(i?) . 

Proof. Let 1 denote the characteristic function ofi?xA(l/2,l), then it is clear that 



li^^ ^^d^Volx, {Vm^ (R) n A (r/2, T)) = ^lirn^ ^^^^ / 1 (Mo (gv) , ^;/^) dm, («) 



Since R is connected and has smooth boundary there exists regions RJ C Rx A (1/2, 1) C R+ such 
that lim5_>.o R^ = lim^-^o RJ = R and for all 5 > we can choose continuous compactly supported 
functions hj and hj on R'' x R'' \ 0, such that < hj < 1 < hj < 1, hj {v) ^ 1 {v) if v e RJ and 
/i+ (w) = if w ^ i?/. By Lemma EH] 



1 If 

lim —, (hV,T) < liminf — ; / 1 (A/q (ow) , w/T) dm„ (v) 

^ l™sup / 1 (Mo (gv) , v/T) dm^ {v) < lim j-^^Q {h+,T) 



It is clear that 

lim lim — ; -Q (hJ ,T) = lim lim — ; -Q (hf ,T) = lim — ; 
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hence we can apply Lemma 15.41 to get that 



(1' T) = C, j^^ 1 (z, rfc-ieo) r'^- dz^^dv , (fc) 



OO 7 

d-s-2dr 



= Ci / 1r {z) dz / / 1^(1/2,1) (rfc-^eo) r^-'-^—dvg (k) = C3V0I (i?) 



The last equality holds because 



K„ Jo 



^A{i/2S){rk ^ea)r'' ' ^'^dvg (k) < 00 



'Kg Jo 

as 1a(i/2,i) has compact support and Kg is compact. □ 

5.3. Proof of Theorem [2711 By Theorem 4.9 of |PR94j there exists wi, ...,Vj e Xg (Z) such that 
(2) = UL i TgWi- Let Pi (g) {a; G Gg : xv^ = Vi} and Aj (g) = Fj (5) n Tg. By Proposition 
1.13 of [HelOOj there exists Haar measures g/^., pj^. and 7a. on Gg/Ai (g), Pi (g) /Ai [g] and Tg/Ai [g) 
respectively such that, for f & Cc {Gg/Ai {g)), and hence for integrable functions on Gg/Ai (g), 



(5.24) / fdgA^ = / / / i^P) ^PA. (P) dmg (x) , 
and 

(5.25) / fdQM^ f I f{x^)d^AA^)diig{x). 

JGJA,{g) JGJTgJTJh,{g) 

Note that Tg/ Ai (g) = TgVi is discrete and its Haar measure d'y^i is just the counting measure and so 

(5.26) / / (x7) d7A. (7) = E /(^^)- 

Therefore the normalisations already present on mg and /ig induce a normalisation on n^. . Moreover, 
it follows from the Borel Harish-Chandra Theorem (cf |PR94| . Theorem 4.13) that the measure of 
PAi {Pi {9) /Ai (g)) < 00, for each I < i < j. As in |EMM98j and |DM93| where the proofs rely on 
Siegel's integral formula, here the proof relies on the following result. 

Lemma 5.6. Fo?' all / G Cc (Xg (R)) and g e Csl (^1j7'2) there exists a constant 

C{g)^Y.PA. {Pd9)/A, (.9)), 



i=l 

such that 



(5.27) Gig) fdmg= Ff^gdy^g. 

JXg{U) JCg/Fg 

Proof. Note that for 1 < i < j, Gg/P^ (g) ^ Xg (R). If / e Cc {Xg (R)) then / is A^ (g) invariant and 
therefore can be considered as an integrable function on Gg/Ai (g) and so 



(5.28) / / f {xp) dpAi (P) drUg (x) = / dpA, / fdnig. 

JXg{R)Jp,(g)/A,(g) Jp.ig)/A,ig) JXg(R) 

Now it follows from the definition of F/,g (i.e. ^^), ([g?^ and (j??^ that 

/ Pf,gdf^g = XI / H (^^) ^^^9 i^) 

JGa/Tg i=l '^9/^9 veVgVi 

which is the desired result. □ 
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The final Lemma of tfiis section is tlie counterpart of Lemma 3.9 from [EMM98) and again the proof 
there is mimicked. 

Lemma 5.7. Let f be a continuous function of compact support on IR'J_. Then for all g E Csl f2)j 
where Ci is defined by (|5.ip and C (g) is defined in Lemma \5.b\ 

Proof. Let Vi be the components of v when written in the basis hi, . . . ,bd from Lemma 15.11 Using the 
change of variables (wi, . . . , Vd) (zi, . . . , Zs, r, Vs+2, ■ ■ ■ ,a) where Qg (wi, . . . , Vd) = a we see that 

/ f{v)dv=r r [ Jf,,{z,r)r''-^-'dz^da. 

Hence it follows from how nig is defined (i.e. (|2.4p ) that 

(5.29) / f{v)dmg{v)^ r [ Jf,g{z,r)r^-'-^dz'^'' 

JXg{R) Jo JR" 

Lemma [5.41 and (j5.29p imply that 



2r 



lim Tf;^ [ Jf,g (Mo' (v) , M m dmg {v) ^ cj If f (v) dm^ ] dv^ (k) . 

T-)-oo 1 Jx^iR) J Kg \JXg{R) J 

Now the conclusion follows from Lemma 15.61 □ 



The purpose of Lemma [5.71 is to relate the integral over Gg/Tg to an integral over Xg (R) in order 
that the integral over Xg (R) can be approximated by an integral over Kg via Theorem 12.71 Then the 
integral over Kg can be approximated by the appropriate counting function via Corollarv l5.3l We now 
proceed to put this into action in the proof of our main Theorem which is just a modification of the 
proof in |EMM98| . 

Proof of Theorem Wl\ By Lemma the functional on Cc (R"" x R'' \ {0}) given by 

is continuous. For all connected regions R C R''' with smooth boundary, if 1 denotes the characteristic 
function of R x A(l/2,1), then for every e > there exist continuous functions and on 
R** X R'' \ {0} such that for aU (r, u) e R'* x R'' \ {0}, 

(5.30) h^{r,v) <l{r,v) <h+{r,v) 
and 

(5.31) |^'(/i+)-1'(/i_)| <e. 

Let J denote the space of linear combinations of fimctions on R'' x R'' of the form Jf^g (r, ||w||), where 
/ is continuous function of compact support on R5|_. Let % denote the collection of functions in 
Cc (R'' X R'' \ {0}) such that if h E H then h takes an argument of the form (r, ||f ||). By Lemma [5?^ .7 
is dense in "H and since and belong to "H we may suppose that and /i_ maybe written as a 
finite linear combination of functions from J'. The function Ff^g defined by (|2.2p obeys the bound (|2.5p 
with (5 = 1, by ([23]). Moreover, Lemma 3.10 of |EMM98j implies that E Li (Gg/Tg). Therefore, if 
h' E {h+, h-}, then for all g E Csl (?'i,''2) we can apply Theorem 1 2 . 71 with the function -F/,g, followed 
by Corollarv l5.3l and Lemma [5?71 to get that there exists to > 0, so that for all e > and t > to, 



(5.32) 



^^^^ ^ h' {M^iv),ve~')-^ih') 



g((J-s-2)t 

v<£X„( 



< e. 
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From the definition of \1/ (h) we see that for all h £ Cc (R'^ x R''- \ {0}) and g G Csl {ri,r2) there exists 
to > 0, so that for all e > and t > to, 



(5.33) 



1 



h (MqS (v) , we"*) drUg (w) - ^ {h) 



< e. 



Clearly (|5.30p implies 
C{9) 



J2 h.{M^{v),ve-')~^{h+)< 



C{g) 



(5.34) 



< 



Cjg) 



Y h+{M^{v),ve-')^^{h+) 



•«eXg(z) 



Apply ()5.3ip to the left hand side of (|5.34p and then apply and (|5.32p with suitable choices of e's to 
get that for all g £ Csl {ri, ?'2) there exists to > 0, so that for all > and t > to, 



(5.35) 



Cig) 



o{d-s-2)t 



J2 t{Mi{v),ve-')-^ih+) 



< -. 

- 2 



Similarly using (|5.30p . ()5.3ip and (|5.33p we sec that for all g e Csl {'''i,r2) there exists to > 0, so that 
for all 6* > and t > to, 



(5.36) 



1 



g(rf-s-2)t 



X,(R) 



1 {M^ (v) , we"*) drUg {v) - <f {h+) 



< -. 

- 2 



Hence using ()5.35p and (|5.36p we see that for all g £ Csl {ri,r2) there exists to > 0, so that for all 
9 > and t > to 



(5.37) 



C{g) Y 1 i^'^o («) > «e-*) - / 1 {Mi (v) , i^e"*) dnig (v) 



< 



This means that for all g £ Csl (''i, ^'2) there exists to > 0, so that for all > and t > to, 
(5.38) (l-O) [ l{Mi {v) ,ve-*) dmg{v) 

<C{g) Y ^ ' ^^"*) < (1 + ^) / 1 (^'^0 («) > «e-*) drug (v) . 

Hence for all {Q, M) £ Cpairs {^i, ^2) there exists io > 0, so that for all > and t > to, 

(1 - 9) YoIxq (Vm (i?) n A (r/2, T)) < c (5) \Xq (z) n Vm (R) n A (r/2, r)| 

<{l + 9) YoIxq {Vm (i?) n A (T/2, T)) . 
The conclusion of the Theorem follows by applying Corollary 15 . 51 and summing a geometric series. □ 



6. Counterexamples 

In small dimensions there are slightly more integer points than expected on the quadratic surfaces 
defined by forms with signature (1,2) and (2,2). This fact was exploited in |EMM98] to show that 
the expected asymptotic formula for the situation they consider is not valid for these special cases. In 
a similar manner it is possible to construct examples that show that Theorem 11.11 is not valid in the 
cases that the signature of Hg is (1, 2) or (2, 2). In this section, for the sake of brevity we restrict our 
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attention to the case when s = 1, but we note that similar arguments would hold in the case when 
s > 1. To start with make the following definitions 

Qi (x) = -xiX2 +xl+ xl, 

Q2 (x) = X1X2 + xl~ X4, 

Q3 (x) = -X1X2 + xl+ xl - axl, 

La (x) = Xl — aX2- 

We can now prove. 

Lemma 6.1. Let e > 0, suppose [a,b] = [1/2 — e,l] or [— 1,-1/2 + e]. Let a > 0, then for every 
To > 0, the set 0/ /3 e IR for which there exists a T > Tq such that 

\X^^{Z)nVL,{[a,b])nA{0,T)\>T{logT)'-' or \X^,^ (Z) D Vl, {[a,b]) A{0,T)\ > T (logT)'- 

is dense. Similarly if a ~ 0, then for every Tq > 0, the set 0/ /3 G IR for which there exists a T > Tq 
such that 

\x^^ (z) n Vl, ([a, b]) n A (0, r)| > t' (iogT)^~^ 

is dense. 

Proof Let (a, T, a) = {x € T^' : L^ (x) = 0, (x) = a, \\x\\ < T} where = 4 if i = 1 or 2 and 
= 5 if i = 3. Lemma 3.14 of jEMM98| implies that 

(6.1) \S^{a,T,a)\ -TlogT for i = 1, 2 and ^/a e Q and a > 0, 

(6.2) 153 (a, T, 0)1 -T^logT for e Q. 

Note that if i = 1, 2 and a; e 5"^ (a, T, a) \ S, {a, T/2, a), then 

(6.3) — - (a^ + 1) xl<xl + xl<T'^- {a^ + l) xj 
and 

(6.4) Xg + X4 = ax2 + a. 
Similarly if x e S3 (a, T, 0) \ S'3 (a, T/2, 0), 

T^ 

(6.5) —-{a^ + 1) xl <xl+xl + xl < T^ - (a^ + l) xj 
and 

(6.6) Xg + X4 = a + ^5) . 
Combining (|6.3|1 and (|6.4|1 gives 

^2 - 4a T2 - a 

(6-7) — T < xl < 



4(a2 + Q- + 1) - + 
Respectively, combining (j6.5|) and (j6.6|) gives 

T2-(c. + l)xi ^ T2-(a + l): 



4 (q:2 + a + 1) - - q;2 + a + 1 
which upon noting that — T < 2:5 < T offers 

..Q. T2-(a + l)T ^ ,^ T2 + (a + l)T 

^^■^^ 4(a2 + a + l) - 2- + a + 1 ' 

Take 



(6.10) /^,=a±,/^^^±^. 
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It is clear that Lp^ [x] = Lq, [x] ± 
then (|6.7p impUcs 



" +g+^ T2 and hence if i = 1, 2 and a; € 5", (a, T, a) \ S, (a, T/2, a), 



(6.11) 



y2 



2^2 



and 



y2 



< Lp_ (x) < 



1 a 
4 ^ T2' 



Similarly if x e S3 {a, T, 0) \ ^3 {a, T/2, 0), then (HH) implies 
(6.12) 



1 _ (g + l) 
4 T 



<Lp^ {x)<\ l- 



T 



(q + 1) , , /I (q' + 1) 

and -\ll-^-—l<Lp_{^)<-\j-^-^-^- 



This means for ah e > there exists r+ > such that if T > r+ then Si {a,T,a) C X^^ (Z) n 
VLf,^ ([1/2 - e, l])n^ (0, T) respectively there also exists T. > such that if T > T. then S, [a, T, a) C 
X5^^(Z) n Vlp_ (hl,-l/2 + e]) n A{Q,T). By ^ and (H^D for i 1,2 and large enough T, 

\S^{a,T,a)\ > T(logT)^"' and (a,r,a)| > CT"^ {\ogT)^^\ The set of /? satisfying (lOUll for 
rational a and large T is clearly dense and this proves the Lemma. □ 

Theorem 6.2. Let j ~ 1, 2. For every e > anc? every interval [a, b] there exists a rational quadratic 
form Q and an irrational linear form L such that StahgoiQ] {L) = SO (j, 2) such that for an infinite 
sequence T^- — ?> 00, 



X^^ (Z) n Vl ([a, b]) n A (0, Tk) > Tl [logny 



where ai > and 02 = 0. 



Proof. Since the interval [a, b] must intersect either the positive or negative reals there is no loss of 
generality in assuming, after passing to a subset and rescaling that [a, 6] = [1/4,5/4] or [—5/4,-1/4]. 
For a given S > Q and i = 1, 2 let Us be the set of 7 G R for which there exists /3 G IR and T > S with 



(6.13) 

and 

(6.14) 



X^q\{T)C^Vl, {[1/2,1]) C^AiO^T) 



\P-l\<T- 



> CTlogT, 



Then Us is open and dense by Lemma [6.11 By the Baire category Theorem (cf. |Rud87j . Theorem 
5.6) Hfe";! ^2*^+1 is dense in R and is in fact of second category and hence uncountable. Let 7 G 
nfci^2'«+i \ Qi then there exists infinite sequences (3k and Tk such that (|6.13p and (|6.14p hold with /3 
replaced by fik and T by Tfc. Note that (lOl)) imphcs that for <Tk, 



\L0k {x)-L^ {x)\ < 



Tk 



< 



so that 



and hence 



X^] (Z) n Vl,^ ([1/2,1]) n a (0, Tfc) C X^\ (Z) n Vl, ([1/4,5/4]) n A(0,Tfc) 



X^] (Z) n Vl^ ([1/4, 5/4]) n A (0, Tk) > CTk log Tfc by IKm . li i ^ 3 then we can carry 

out the same process but we replace Us by the set Ws, of 7 G IR for which there exists /? G IR and 
T > S with 



and 



|X0 3 (Z) n Vl, ( [1/2, 1]) n a (0, T) I > log T, 
I/3-7I <T-2. 



□ 
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